The existence and uniqueness of common fixed points for four mappings satisfying ψ-and (ψ , ϕ)-weakly contractive conditions in metric spaces are proved. Four examples are given to demonstrate that the results presented in this paper generalize indeed some well-known results in the literature. MSC: 54H25
Introduction and preliminaries
In , Rhoades [] introduced the concept of ϕ-weakly contractive mappings and proved the following fixed point theorem, which is a generalization of the Banach fixed point theorem. 
ψ(t) = ϕ(t) =  if and only if t = . If range of S contains the range of T and S(X) is a complete subspace of X, then T and S have a unique point of coincidence in X. Moreover, if T and S are weakly compatible, then T and S have a unique common fixed point.

Theorem . ([]) Suppose that A, B, S, and T are selfmaps of a complete metric space (X, d), T(X) ⊆ B(X), S(X)
⊆ϕ : R + → R +
is lower semi-continuous, ϕ() = , ϕ(t) >  for all t > , ψ : R + → R + is continuous and nondecreasing with ψ(t) =  if and only if t = , then A, B, S and T have a unique common fixed point in X provided one of the ranges of A(X), B(X), S(X) and T(X) is closed.
Motivated by the results in [-], in this paper, we introduce the concepts of ψ-and (ψ, ϕ)-weakly contractive conditions relative to four mappings A, B, S and T: a n =  for each sequence {a n } n∈N ⊂ R + with a n+ ≤ ψ(a n ), ∀n ∈ N .
Definition . ([])
A pair of self mappings f and g in a metric space (X, d) are said to be weakly compatible if for all t ∈ X the equality ft = gt implies fgt = gft.
Then ψ() =  and ψ(t) < t for all t > .
Lemma . Let A, B, S and T be self mappings in a metric space
where (ψ, ϕ) ∈  ×  and i ∈ {, , }. Assume that I : R + → R + is the identity mapping and
Proof It follows from ψ ∈  that ψ + I : R + → R + is continuous and increasing and Assume that {a n } n∈N is an arbitrary sequence in R + with
Suppose that a n  =  for some n  ∈ N. It follows from (.), (.) and (.) that
that is, a n  + = . Similarly we have a n = a n- = · · · = a n  =  for each n > n  , that is, lim n→∞ a n = . Suppose that a n >  for all n ∈ N. If a k+ ≥ a k for some k ∈ N, it follows from (.), (.) and (ψ, ϕ) ∈  ×  that
which is a contradiction. Consequently, {a n } n∈N is positive and decreasing, which implies that {a n } n∈N converges to some a ≥ . Suppose that a > . By means of (.) and (.), we find
which together with (.) and (ψ, ϕ) ∈  ×  means
which is a contradiction. Hence a = . Consequently, ψ  ∈  . In order to prove (.), we have to consider two possible cases as follows:
It is easy to verify
which yields
which together with (.) gives (.). This completes the proof. 
where ψ  is in  and M  is defined by (.). Then A, B, S, and T have a unique common fixed point in X.
Proof Let x  ∈ X. It follows from (.) that there exist two sequences {y n } n∈N and {x n } n∈N  in X such that
Using (.) and (.), we derive
It follows from (.), (.), ψ ∈  , and Lemma . that
which is a contradiction. Hence
Similarly we infer
which together with (.) ensures
which means that the sequence {d n } n∈N is nonincreasing and bounded. Consequently there exists r ≥  with lim n→∞ d n = r. Suppose that r > . It follows from (.), (.), ψ ∈  , and Lemma . that
which is a contradiction. Hence r = , that is, (.) holds. Next we prove that {y n } n∈N is a Cauchy sequence. Because of (.) it is sufficient to verify that {y n } n∈N is a Cauchy sequence. Suppose that {y n } n∈N is not a Cauchy sequence. It follows that there exist ε >  and two subsequences {y m(k) } k∈N and {y n(k) } k∈N of {y n } n∈N such that
where n(k) is the smallest index satisfying (.). It follows that
Taking advantage of (.), (.), and the triangle inequality, we get
Letting k → ∞ in (.) and (.) and using (.), we deduce
Note that (.) and (.) yield
In view of (.), (.), (.), ψ ∈  , and Lemma ., we gain
which is a contradiction. Hence {y n } n∈N is a Cauchy sequence.
Assume that A(X) is complete. Observe that {y n } n∈N is a Cauchy sequence in A(X). Suppose that Tv = z. Note that (.) and (.) imply
Consequently there exists (z, v) ∈ A(X)
which together with (.), ψ ∈  , and Lemma . gives
which is a contradiction. Hence Tv = z. It follows from (.) that there exists a point w ∈ X with z = Bw = Tv. Suppose that Sw = z. In light of (.) and (.), we deduce
which together with (.), ψ ∈  , and Lemma . yields
which is impossible, and hence Sw = z. Thus (.) means Az = ATv = TAv = Tz and Bz = BSw = SBw = Sz. Suppose that Tz = Sz. It follows from (.), (.), ψ ∈  , and Lemma . that
which is a contradiction, and hence Tz = Sz.
which together with (.), ψ ∈  , and Lemma . implies
which is impossible and hence Tz = z, that is, z is a common fixed point of A, B, S, and T. Suppose that A, B, S, and T have another common fixed point u ∈ X \ {z}. It follows from (.), (.), ψ ∈  , and Lemma . that
which is a contradiction and hence z is a unique common fixed point of A, B, S, and T in X.
Similarly we conclude that A, B, S, and T have a unique common fixed point in X if one of B(X), S(X), and T(X) is complete. This completes the proof.
Theorem . Let A, B, S, and T be self mappings in a metric space
where ψ is in  and M  is defined by (.
). Then A, B, S, and T have a unique common fixed point in X.
Proof Let x  ∈ X. It follows from (.) that there exist two sequences {y n } n∈N and {x n } n∈N  in X satisfying (.). Put d n = d(y n , y n+ ) for all n ∈ N. Now we prove that (.) holds. In view of (.) and (.), we deduce
Suppose that d n  - < d n  for some n  ∈ N. It follows that
that is,
By means of (.), ψ ∈  , and Lemma ., we conclude
which is a contradiction. Consequently, we deduce
Similarly we have
It follows from (.) and (.) that
which means that the sequence {d n } n∈N is nonincreasing and bounded. Consequently there exists r ≥  with lim n→∞ d n = r. Suppose that r > . It follows from (.), (.), ψ ∈  , and Lemma . that
which is a contradiction. Hence r = , that is, (.) holds. In order to prove that {y n } n∈N is a Cauchy sequence, we need only to show that {y n } n∈N is a Cauchy sequence. Suppose that {y n } n∈N is not a Cauchy sequence. It follows that there exist ε >  and two subsequences {y m(k) } k∈N and {y n(k) } k∈N of {y n } n∈N satisfying (.)-(.) and
By virtue of (.), (.), (.), ψ ∈  , and Lemma ., we infer
which is impossible. Hence {y n } n∈N is a Cauchy sequence.
Assume that A(X) is complete. Observe that {y n } n∈N ⊆ A(X) is a Cauchy sequence. It follows that there exists (z, v) ∈ A(X) × X with lim n→∞ y n = z = Av. It is easy to show that (.) holds.
Suppose that Tv = z. Note that (.), (.), (.), and ψ ∈  imply 
which is a contradiction. Hence Tv = z. Since T(X) ⊆ B(X), it follows that there exists a point w ∈ X such that z = Bw = Tv. Suppose that Sw = z. In light of (.) and (.), we obtain
which together with (.), ψ ∈  , and Lemma . yields
which is impossible, and hence Sw = z. Clearly, (.) yields Az = ATv = TAv = Tz and Bz = BSw = SBw = Sz. Suppose that Tz = Sz. It follows from (.) that
Taking account of (.), ψ ∈  , and Lemma ., we conclude
which together with (.), ψ ∈  , and Lemma . means
which is impossible, and hence Tz = z, that is, z is a common fixed point of A, B, S, and T.
Suppose that A, B, S, and T have another common fixed point u ∈ X \ {z}. It follows from (.) that
which together with (.), ψ ∈  , and Lemma . ensures
which is a contradiction, and hence z is a unique common fixed point of A, B, S, and T in X.
Similarly we conclude that A, B, S, and T have a unique common fixed point in X if one of B(X), S(X), and T(X) is complete. This completes the proof.
Similar to the proofs of Theorems . and ., we have the following result and omit its proof.
Theorem . Let A, B, S, and T be self mappings in a metric space
where ψ is in  and M  is defined by (.
). Then A, B, S, and T have a unique common fixed point in X.
Utilizing Theorems .-., Lemma ., and Remark ., we get the following results.
Theorem . Let A, B, S, and T be self mappings in a metric space
where ( 
Since the metric space (X, d) is not complete, it follows that Theorem . in [] is useless in proving the existence of common fixed points of A, B, S, and T in X and Theorems . and . in [] are unapplicable in proving the existence of common fixed points of S and T and fixed points of T, respectively. Now we use Theorem . to prove the existence of common fixed points of A, B, S, and T in X. Define ψ, ϕ :
and
It is easy to verify that (
x, y ∈ X. In order to verify (.), we consider two cases as follows:
. Clearly we have
It follows that
That x, y ∈ X. Let B, T : X → X be defined by
Firstly we claim that Theorem . in [] and Theorem  in [] and Theorem . in [] cannot be used to prove the existence of fixed and common fixed points for the mapping T and the mappings B and T, respectively, in the complete metric space X.
Suppose that there exist ϕ ∈  satisfying
which is a contradiction. Suppose that there exists ψ, ϕ ∈  satisfying
which is impossible. 
